We study the dynamics of the sine-Gordon model after a quantum quench into the attractive regime, where the spectrum consists of solitons, antisolitons and breathers. In particular, we analyse the time-dependent expectation value of the vertex operator, exp (iβΦ/2), starting from an initial state in the "squeezed state form" corresponding to integrable boundary conditions. Using an expansion in terms of exact form factors, we compute analytically the leading contributions to this expectation value at late times. We show that form factors containing breathers only contribute to the late-time dynamics if the initial state exhibits zero-momentum breather states. The leading terms at late times exponentially decay, and we compute the different decay rates. In addition, the late-time contributions from the zero-momentum breathers display oscillatory behaviour, with the oscillation frequency given by the breather mass renormalised by interaction effects. Using our result, we compute the low-energy contributions to the power spectrum of the vertex operator. The oscillatory terms in the expectation value are shown to produce smooth peaks in the power spectrum located near the values of the bare breather masses.
Introduction
The study of quantum quenches in many-body systems has gathered significant attention in recent years. The quantum quench protocol consists on preparing a system to be in an eigenstate (typically the ground state) of a Hamiltonian, H 0 , then suddenly changing some parameter and evolving with a new Hamiltonian, H, with respect to which the system is no longer in equilibrium. This is motivated by the realisation of closed quantum systems using cold atoms and ions [1] , which have provided an experimental probe for quantum non-equilibrium dynamics. More generally, one may consider the time evolution starting from any initial state, even ones that are not eigenstates of some initial Hamiltonian.
Out-of-equilibrium dynamics are particularly interesting in integrable (1+1)-dimensional systems, where the additional conserved charges prevent thermalisation at long times. Expectation values of local operators are instead expected to be described by a generalised Gibbs ensemble (GGE) [2] , which takes into account the additional local (or quasilocal) conserved charges 1 . Furthermore, there are powerful non-perturbative methods associated with integrability in quantum systems, so the non-equilibrium dynamics can be evaluated analytically in more detail than is possible in general interacting systems. To list a few examples, one can use conformal symmetry [5] , apply the recently introduced quench-action approach [6, 7] , or employ the knowledge of the complete spectrum to directly tackle the Lehmann representation for the time evolution of observables [7, 8, 9, 10, 11] . The latter approach relies on the knowledge of the matrix elements of the operators of interest, which, in the case of integrable field theories, can be obtained from the form-factor bootstrap [12, 13] . Furthermore, using form-factor perturbation theory [14] the approach has recently been applied to study the effects of small integrability breaking terms [15, 16] .
Our main objective in this paper is the computation of time-dependent expectation values of local operators at finite times after a quench in a specific integrable field theory, namely the attractive sine-Gordon model. Previously, a similar problem has been analysed in Ref. [7] , where the sine-Gordon model (1) in the repulsive regime (where the spectrum consists of only solitons and antisolitons, but no bound states) was considered. In this reference, the expectation values of a vertex operators were computed at large (but finite) times, using two complementary approaches, namely the quench-action formalism and a linked-cluster expansion based on the exact form factors. It was seen that the expectation values decay exponentially in time, and the decay rate was computed. Similar results for a quench in the sine-Gordon model were obtained using a semiclassical approach [17, 18] , where at low energies, the quantum dynamics of solitons and antisolitons can be ignored. It was also argued in this reference that breathers (bound states of solitons and antisolitons) would not contribute at this semiclassical level, instead there effect would be purely quantum mechanical. A similar semiclassical approach has also been used to study quantum quenches in O(3)-symmetric models [19] .
The attractive sine-Gordon model
We consider the sine-Gordon model with Hamiltonian given by
where we have set the velocity to one, v = 1. In general the coupling constant lies in the range 0 < β 2 ≤ 1, where the cosine term is relevant in the renormalisation-group sense and opens a gap ∆ in the spectrum corresponding to the mass of solitons and antisolitons. In this paper we will specifically consider the so-called attractive regime, β 2 < 1/2, where the spectrum consists of solitons and antisolitons with attractive interactions that form bound states, the so-called breathers. The number of species of breathers depends on the particular value of the coupling constant. We mostly focus on the simplest case, 1/3 < β 2 < 1/2, where there exists only one species of breathers. The case β 2 < 1/3, where there are many species of breathers, is briefly discussed in Section 8. Quantum quenches in the repulsive regime β 2 > 1/2 have been studied in Ref. [7] .
Realisations of the sine-Gordon model
The sine-Gordon model arises as the low-energy description of a variety of systems in condensed-matter physics.
Probably the most prominent realisation is provided by the Heisenberg chain with a field-induced gap [21, 22] H = J 
In the thermodynamic limit, the low energy dynamics of (2) is described by a quantum sine-Gordon model, typically in the attractive regime we are interested in. The vertex operator exp(iβΦ/2) we are considering here corresponds to the bosonised form of the staggered transverse magnetisation, S + j ∼ (−1) j exp(iβΦ/2), see Refs. [21, 7] for more details.
The sine-Gordon model can also be used to describe the low-energy dynamics of systems of interacting bosons [23] , which can be experimentally realised with ultra cold trapped atoms [24] . Two such approaches have been outlined in Ref. [7] . The first of these is to consider a single species of bosons in a periodic potential, where bosonisation [25] yields an effective sine-Gordon model with the cosine term originating from the periodic potential. The vertex operator then describes the leading oscillating term in the particle density, ρ osc ∼ exp(iβΦ/2). The second realisation in cold atomic systems is provided by a pair of coupled one-dimensional condensates [26] as can be realised experimentally using atom chips [27] . Here the dynamics of the relative phase of the condensates is governed by the sine-Gordon model.
Particle spectrum and factorised scattering
The quantum sine-Gordon model (1) is integrable, and thus a factorisable scattering theory [13, 28] . The energy and momentum of solitons and antisolitons can be parametrised by a rapidity, θ, as E = ∆ cosh θ and p = ∆ sinh θ, respectively, where ∆ denotes the soliton mass (recall that we set v = 1). The mass of the breather is given by
where the parameter ξ is defined by
and we assume 1/3 < β 2 < 1/2 for which only one type of breathers exists. We define particle creation and annihilation operators Z † a (θ) and Z a (θ) with a = ± for solitons and antisolitons with rapidity θ, as well as B † (θ) and B(θ) for the breather respectively. Classically, solitons and antisolitons are field configurations connecting adjacent minima of the cosine potential, as is reflected by the topological charge
taking the values ±1. On the other hand, breathers correspond to bound states of solitons and antisolitons and are thus charge neutral, Q = 0. The energy and momentum of the breathers are given by E = ∆ B cosh θ and p = ∆ B sinh θ. The scattering matrix between solitons and antisolitons, S b1b2 a1a2 (θ), defines their algebra as
Explicit expressions for the soliton scattering matrix S 
Furthermore, we have the unitarity and crossing conditions
as well as the relations
The scattering matrix S 
, which is just the first breather state. The scattering of solitons and antisolitons off breathers is governed by the scattering matrix, S B (θ), defined by
which is diagonal in the index a. Similar relations hold with Z † a (θ) and B † (θ) replaced by the corresponding annihilation operators. Finally, the scattering of breathers is described by the breather-breather scattering matrix, S BB (θ), via
These scattering matrices satisfy the unitarity and crossing conditions
Using the analogously defined particle annihilation operators Z a (θ) and B(θ), the ground state of the sineGordon model is defined by
A complete basis of eigenstates is found by acting on the vacuum with particle creation operators,
3 The initial state
The determination of the exact initial state that corresponds to a given quantum quench protocol in an interacting theory is a difficult and unresolved problem, even in quenches of integrable field theories [29] . The particle dynamics in interacting theories are usually not factorisable across the t = 0 boundary [15, 30] , which suggests that it may not be possible to determine the initial state using the standard methods from integrability. One known exception [31] is provided by the planar large-N limit of the principal chiral sigma model, where factorisation across the t = 0 boundary is maintained in the interacting theory. Apart from this, quenches starting from the ground state of an initial Hamiltonian have been analysed using perturbation theory in the quench parameter [15, 16] as well as other approximate methods [32, 33] .
Here, however, we will not investigate the general properties of the initial state. Instead, we assume a simple initial state of the "squeezed state form" and focus on the subsequent time evolution. Such states have been proposed by Fioretto and Mussardo [10] as a natural starting point in the study of quantum quenches, given their simplicity. A second motivation to consider such initial states comes from the observation [5] that analytically continuing to imaginary times, the problem of computing observables after a quantum quench can be mapped to that of computing observables in a field theory with boundaries, the boundaries being identified with the initial state. Thus a natural starting point for the study of quenches in integrable field theories are provided by integrable boundary states [20] . Motivated by this we thus assume the following initial state
We note that the breather particles contribute both as pairs with finite rapidities as well as individual, zeromomentum particles created by the operator B † (0). For convenience, we label soliton and antisoliton rapidities by the letter θ and breather rapidities by φ. The functions K ab (θ) and K B (φ) are assumed to satisfy the boundary Yang-Baxter equation,
and the so-called "cross-unitarity" conditions,
These conditions ensure that the exponential in the initial state (19) is well defined. In order to simplify the calculations, we will restrict ourselves to initial states with vanishing topological charge, which implies the conditions
Furthermore, we require the initial state to be normalisable, which implies that K ab (θ) and K B (φ) have to decay to zero sufficiently fast at large rapidities. We note that the functions K ab (θ) and K B (θ) are not required to satisfy the boundary unitarity condition, hence (19) does not satisfy all the conditions required to be an integrable boundary state, as defined in Ref. [20] . For later convenience, we also define the functions
To summarise, for the purposes of this paper, we will simply assume an initial state of the form (19) with the functions K ab (θ) and K B (φ) and the parameter g unspecified except for the requirements (20)- (23) . Our main results will be given in terms of these general functions. The question of which particular function correctly describes a given quantum quench is beyond the scope of this paper and will be left for future investigations. Still one can make further assumptions on the form of the functions K ab (θ) and K B (φ) by considering an initial state corresponding to Dirichlet boundary conditions 2 with Φ(t = 0, x) = Φ 0 = 0. Such an initial state is compatible with the condition (23), thus we call states satisfying (23) also "Dirichlet-like" initial states. Physically it can be identified with a quench in the mass parameter λ from an infinite value λ 0 = ∞ to a finite value at t = 0. This implies an infinite-to-finite change in the soliton and breather masses. Such an initial state is, however, problematic since it introduces an infinite amount of energy density and the initial state is not normalisable. This problem manifests itself in the fact that the functions K ab Dirichlet (θ) and K B Dirichlet (φ) tend to constant values at large rapidities instead of decaying to zero, as is required of a normalisable state. A prescription to obtain normalisable initial states from Dirichlet boundary conditions was proposed in Ref. [10] , motivated on the similar approach in the study of quenches in conformal field theories [5] . The idea is to modify the functions K ab Dirichlet (θ) and K B Dirichlet (φ) introducing an "extrapolation time", τ 0 > 0, such that
As a result, all appearing integrals over the rapidities will be regularised and thus the initial state becomes normalisable. We will always assume that an extrapolation time has been introduced in this way. We note in passing that it has been shown [32] , however, that such a simple regularisation cannot accurately describe realistic quenches in massive integrable field theories unless the extrapolation time is taken to be rapidity dependent, ie, replacing the constant τ 0 by a function τ 0 (θ). Very recently, an approximation for the function K B (φ) for mass quenches from ∆ 0 to ∆ was proposed [33] , which is given by
Note that the prefactor ensures the normalisability at large rapidities. The result was obtained by analytically continuing the corresponding function in the sinh-Gordon model and numerically checking the result using the truncated conformal space approach. However, since the sinh-Gordon model does not possess soliton-like particles, an approximate expression for the function K ab (θ) cannot be derived in this way. The time evolution starting from the initial state is then given by
resulting in the expectation value of an operator O as
We will focus specifically on "small quenches" where we assume that the functions K ab (θ) and K B (φ) as well as the parameter g are small, such that we can restrict ourselves to the leading terms in an expansion in these formal parameters. This does not imply, however, that our calculations are limited to a specific order. In fact, the resummation of the long-time behaviour leading to the exponential decay in the final result (41) requires the analysis of higher-order terms. Our assumption of small quenches rather refers to the limitation of the calculation of the obtained decay rates (37)- (39) to leading order in K ab (θ) and K B (φ). In the next sections we will focus particularly on the vertex operator O = exp (iβΦ/2). This operator is chosen for its semi-locality properties with respect to the solitons and antisolitons, which simplify the computations (as seen in the form-factor axioms presented in Appendix B). The computation for a general vertex operator, exp (iαΦ), turns out to be significantly more involved and thus is beyond the scope of this paper.
Linked-cluster expansion
To compute expectation value (28), we expand the states |Ψ 0 in terms of the eigenstates of the sine-Gordon Hamiltonian and compute each term in this expansion using exact form factors. These terms can have singularities that need to be regularised. It is expected that some singularities from the numerator and denominator cancel each other.
The denominator in (28) can be formally expanded as
where we have introduced the notation |0 B = B † (0)|0 to represent a state with one zero-momentum breather (this notation is introduced to distinguish such a state from the vacuum state, |0 ). We note that the sums start at N = J = 0. The norm of the initial state can be written more compactly by introducing the notation
corresponding to the terms in (29) . For example,
In the small quench limit we can write
where
The numerator in (28) can be expanded similarly,
The linked-cluster expansion consists in combining the terms in the expansions (31) and (32), term by term in orders of K as
where the terms in the final expansion are regularised and finite in the infinite-volume limit. We have computed all the leading contributions to the linked-cluster expansion for large times after the quench, up to (and including) orders K 4 , gK 4 and g 2 K 4 , for the operator O = exp(iβΦ/2). We show the explicit computation in Appendix C. In the next section we present this final result, and also argue that these leading, large-time contributions can be resummed for all orders of K. After resummation, it is evident that this observable exponentially decays at long times, with a set of different decay rates, related to soliton and breather contributions.
The main result
We have analysed the terms up to order K 4 , gK 4 and g 2 K 4 in the expansion (33), ie, 
where the dots represent higher-order terms that have not been evaluated. The leading long-time behaviour of these terms can be extracted from the pole contributions, as explicitly done in Appendix C, with the result
Here the dots represent sub-leading contributions contained in (34) as well as higher-order terms. Furthermore, the appearing constants originate from the form factors,
explicit expressions are given in Appendix A. Here we just note that f
is purely imaginary. Furthermore, the relaxation parameters read
In Ref. [7] the same calculation was performed in the repulsive regime, leading the result above with g = 0. In this reference it was suggested that these leading contributions for all higher orders of K can be resummed into an exponential function, given that the series matches the expansion
We note that a similar resummation was shown to take place in the Ising field theory [34, 11] where the leading long-time behaviour of all higher-order terms can be extracted explicitly. Motivated by the result for the repulsive regime we thus conjecture that the terms in (35) can also be resummed as exponentials, leading to our final result
We recall that the dots represent sub-leading contributions containing further oscillatory terms as well as power-law corrections. For example, the terms D 2,0;0,0 + D 0,0;2,0 and their higher-order descendants can be resummed [7] into cos(2∆t) e −t/τ /(∆t) 3/2 . We stress that the resummed expression (42) contains the leading long-time behaviour at all orders in K, the small-quench assumption reflects itself only in the fact that the relaxation parameters (37)- (39) have been determined only in O(K 2 ). We stress that the second term in (42) is explicitly oscillating with the frequency Ω, ie, the leading terms at late times exhibit both, oscillations in time as well as exponential decay, 3 in contrast to the repulsive regime where oscillatory behaviour only appears as sub-leading corrections. The two leading terms decay with rates Γ 1 and Γ 2 . In Figure 1 .(a) we show these decay rates for Dirichlet-like initial states (25) , the explicit expressions for K ab Dirichlet (θ) and K B Dirichlet (φ) can be found in Appendix. A. For the parameters chosen there the decay of the second term is slower. Furthermore, considering the explicit expressions for the soliton-breather and breatherbreather scattering matrices (58), respectively, one notes that the relaxation rates τ B and τ BB will in general be complex valued. This results in the O(K 2 )-corrections to the bare oscillation frequency given by the breather mass, ∆ B , ie, 
Power Spectrum
Having determined the time evolution (42) we can obtain the power spectrum,
This function was analysed by Gritsev et al. [9] for α = β, for a quench in the attractive regime of the sine-Gordon model, however, only terms up to order gK 0 in the linked-cluster expansion were considered. Since in this order there exist terms that oscillate permanently in time, the power spectrum was found to contain sharp delta peaks located at the excitation energies of the system. In turn it was suggested that these peaks in the power spectrum could be used to measure experimentally the breather spectrum of the sine-Gordon model.
Our main result (42) reveals that once we resum the leading terms to all orders in K, the power spectrum may be qualitatively different. At least for the value α = β/2 which we consider here, we obtain a sum of Lorentz peaks located at ω = 0 and ω = ±Ω with broadenings Γ 1 and Γ 2 respectively. Thus we conclude that while in principle it is still possible to approximately determine the breather spectrum by looking at the peaks in P β/2 (ω), these peaks will now be less sharp than the delta-functions predicted in Ref. [9] , and therefore more difficult to detect experimentally. In particular, from Figure 1 .(a) we see that Γ i ∼ ∆ ∼ ∆ B , thus the position of the peaks and their broadening are of the same order. Furthermore, the location of the poles is shifted by the O(K 2 )-corrections away from the breather mass ∆ B , which means one can experimentally determine the breather spectrum only up to O(K 2 ) accuracy.
Comparison with semiclassical methods
A semiclassical calculation of expectation values of vertex operators after a quantum quench in the sine-Gordon model has been performed by Kormos and Zaránd [17] . This approach was used to study the repulsive regime, where there are only solitons and antisolitons. The considered semiclassical limit is motivated in the small quench (ie, small K) limit, and with the assumption that the solitons and antisolitons possess only small momenta. The latter assumption implies that the soliton-antisoliton scattering matrix can be approximated as
Thus the scattering matrix in this limit is purely reflective, which implies that for an initial state of the form (19) the spatial order of solitons and antisolitons is preserved during time evolution. Classically solitons and antisolitons are kinks that interpolate between two adjacent minima of the cosine potential. Expectation values of operators (such as the vertex operator we consider here) can be computed by studying the configuration of the field, Φ, for a given state, |Ψ t . One only needs to consider the statistics of the classical configurations interpolating between the different vacua of any given initial configuration, |Ψ 0 , which evolves deterministically after the quench. This method was used to compute the expectation value of a general vertex operator, giving the result [17] 
For the special case α = β/2 this agrees with the result from the quantum treatment of Ref. [7] . In this semiclassical approach, only the configuration of the kinks and the arrangement of different classical vacua are relevant to the computation of expectation values. This immediately implies that breathers can play no role in this approach, since these excitations have zero topological charge, and do not affect the classical vacuum configuration. Thus it was concluded [17] that breathers decouple from the soliton-antisoliton dynamics and should not affect correlation functions after the quench.
However, this observation seems to be in conflict with the oscillating terms in our main result (42). We recall that these originate from the presence of zero-momentum breathers in the initial state (19) , a situation that was not considered in the semiclassical analysis [17] . However, even if zero-momentum breathers were considered in the initial state, because of their charge neutrality they are expected [17] to completely decouple from the solitonantisoliton dynamics in the semiclassical analysis. Furthermore, since they do not change the classical value of the field Φ, the expectation value (46) is unaffected. Thus we conclude that the appearance of oscillating terms is beyond the semiclassical approximation.
More than one species of breather
In this section we briefly discuss the quench dynamics in the sine-Gordon model with β 2 ≤ 1/3. In this case more than one breather state is present in the spectrum. If we assume N breathers to exist, which is the case for interaction strengths 1/(N + 2) < β 2 ≤ 1/(N + 1) corresponding to 1/ξ − 1 < N ≤ 1/ξ. The breather masses are given by
We denote the corresponding creation and annihilation operators for the breathers by B † n (θ) and B n (θ) respectively. The direct generalisation of the squeezed initial state (19) is given by
Again we assume Dirichlet-like initial states satisfying K ++ (θ) = K −− (θ) = 0, an appropriate regularisation at large rapidities and define the functions
. Now the result (41) is easy to generalise to the case of many breather species by performing O(K 4 , gK 4 , g 2 K 4 ) calculations, similar to those we present in Appendix C. We find
with S Bn (θ) and S BnBm (θ) denoting the corresponding breather-soliton and breather-breather scattering matrices [13] . We note that the three-breather rate (54) vanishes when two of them are equal, τ
we did in the previous sections, that the leading contributions from the higher orders in K at long times can be resummed as an exponential, we propose the final expression
Thus we conclude that the existence of more breather states results in the appearance of several relaxation rates as well as oscillation frequencies. Furthermore, since the parameters τ n , τ nm , τ nms and τ nmk are in general complex, we also expect several O(K 2 )-corrections to the oscillation frequencies. Finally we note that while the sine-Gordon model at β 2 = 1/4 possesses an enlarged SU(2) symmetry, this symmetry is not reflected in our result for the time evolution since the initial state explicitly breaks this symmetry.
Conclusions
We studied the time evolution of the expectation value of the vertex operator exp(iβΦ/2) after a quantum quench into the attractive regime of the sine-Gordon model, where the particle spectrum consists of solitons, antisolitons and breathers. We assumed an initial state |Ψ 0 of the squeezed state form (19) that corresponds to integrable boundary conditions. The subsequent time evolution was computed by assuming a "small quench", where the initial state (19) can be expanded in powers of the functions K ab (θ) and K B (θ) describing the amplitudes of soliton-antisoliton and breather pairs. The terms of this series can be computed with the knowledge of the exact form factors of the vertex operator. This expansion, however, exhibits several infrared divergences that need to be regularised. We then extracted and resum the leading contributions at late times after the quench.
Our result shows that form factors containing breathers only contribute to the leading late-time dynamics, if the initial state contains zero-momentum breather states. The difference in the qualitative behaviour of solitons (antisolitons) and breathers is due to their different semi-locality properties with respect to the vertex operator considered, which implies a different structure of the annihilation poles of the form factors. In the range of sineGordon couplings 1/3 < β 2 < 1/2, where there is only one species of breather, our main result for the behaviour at late times is given by
BB are the relaxation rates given in terms of the parameters (37)- (39) ,
BB is the oscillation frequency, g denotes the amplitude of the zero-momentum breathers in the initial state, and G β/2 , f β/2 B and f β/2 BB (iπ, 0) are the respective form factors. Besides the exponential decay of both terms in (56) we see that the second shows oscillations with the renormalised frequency Ω which deviates from the bare breather mass ∆ B .
Our computations can be easily generalised to other values of the sine-Gordon coupling within the attractive regime, namely for values β 2 < 1/3, where there are more than one species of breathers. This result is given in Eq. (55), which shows the same qualitative behaviour of exponential decay and oscillations, with decay rates and oscillation frequencies that depend on the given species of breather.
From the time evolution we have determined the power spectrum P β/2 (ω) defined in (44), which is given by a sum of Lorentzian peaks at ω = 0 and ω = Ω with broadening Γ 1 and Γ 2 respectively. This is in contrast to previous results [9] for the power spectrum P β (ω) of the vertex operator exp(iβΦ), where no broadenings were obtained. We attribute this to either to the locality of the operator exp(iβΦ) (in contrast to the semi-locality of exp(iβΦ/2)) or the fact that also for P β (ω) a resummation of the leading long-time behaviour should be performed.
Furthermore, we discussed our results in light of a semiclassical approach to quantum quenches developed in Ref. [17] . We saw that in particular the decay rate τ −1
B cannot be obtained within this approach, since the nontrivial scattering of solitons and antisolitons off breathers is essential for its derivation in our quantum treatment. Thus the further investigation of the applicability and limitations of the semiclassical approach in the attractive sine-Gordon model seems desirable.
It should be possible, in principle, to compute the expectation values of the general vertex operator, exp (iαΦ), with the same techniques discussed in this paper. This computation would only be more tedious, as one needs to keep track of non-trivial semi-locality factors, l α a , but it is not an impossible task. The O(K 2 ) contributions to this expectation value were computed in the repulsive regime in Ref. [7] . The computation of higher-order terms at long times seems much more difficult at this point, and the result may not simply exponentiate, as is indicated by the semiclassical result (46) derived in Ref. [17] . 
A Various explicit expressions
In this appendix we list for completeness the explicit expressions of some of the relevant objects appearing in the main text. First, the soliton-antisoliton scattering matrix is given by [13] 
while the soliton-breather and breather-breather scattering matrices read
Next we state explicit expressions for the K-matrices provided we assume the initial state to correspond to an integrable boundary state with Dirichlet boundary conditions Φ(t = 0, x) = Φ 0 = 0. We find
for the soliton-antisoliton and breather matrices. Explicit expressions for the reflection matrices are given by [20, 35 ] 
Integral representations for the above expressions can be found in Ref. [36] . The constants (36) originating from the form factors are explicitly given by [37] 
In particular we find f
B Form-factor axioms
In this appendix, we give a brief overview of the form-factor axioms, see Refs. [12, 13] for a more detailed discussion. For compactness, we introduce the particle creation operators A † a (θ) with an index that can take the values a = ±, B. For a = ±, we define A † a (θ) = Z † a (θ), and for a = B, we define A † B (θ) = B † (θ). We also define the generalised scattering matrix, S cd ab (θ), such that
We can now define the n-particle form factor of some operator, O, as
These form factors satisfy the following axioms:
. . , θ n ) are meromorphic functions in the interval 0 < Im θ i < 2π for all i = 1, . . . , n. There exist only simple poles in this so-called "physical strip", which correspond to annihilation and boundstate poles, as described below.
Scattering axiom:
3. Periodicity axiom:
where l a (O) is the mutual semi-locality factor between the operator O and the fundamental fields associated with the particle created by A † a (θ). In our particular example, for the operator O = exp (iαΦ), this factor is l α ± = e ±i2πα/β , l α B = 1. For α = β/2, we obtain the particularly simple value l β/2 ± = −1, which is the technical reason we evaluate only this vertex operator. 5. Annihilation pole axiom:
Lorentz transformations:
where we introduced the charge conjugation matrix, given in the sine-Gordon model by C ab = δ ab (note that breathers are their own antiparticles, soB = B). 
This means the scattering matrix must have a simple pole such that 
C Terms of the linked-cluster expansion
In this appendix we compute the terms up to order K 4 , gK 4 , and g 2 K 2 of the linked-cluster expansion. We focus on the leading contributions at late times. We disregard terms which decay faster and thus lead to sub-leading corrections.
C.1 Order K 0
The only contribution to this order is
ie, the vacuum expectation value of the vertex operator. 
C.2 Order
where we introduced the notation for the form factors −∆ B it /2. As can easily be seen from a stationary-phase approximation, the contributions which contain two particles (either a soliton-antisoliton pair or two breathers), are suppressed at long times. On the other hand, the onebreather contributions do not decay with time, but instead continues to oscillate. This is a new phenomenon which does not occur in the repulsive regime. Hence the leading contribution in this order at late times is In this order there are several contributions. We focus on the ones leading at late times, which are given by
D 0,0+1;0,0+1 = C 0,0+1;0,0+1 − Z 0,0+1 C 0,0;0,0 .
We first examine the contributions to the denominator of (28) at this order, namely Z 2,0 , Z 0,2 and Z 0,0+1 . These terms contain infinite-volume divergences that have to be regularised as discussed in Appendix D. After regularisation, these terms read
where in the last line we have used 0 B |0 B + κ = 0|B(0)B † (κ)|0 = 2πδ(κ).
C.3.1 The term D 2,0;2,0
We first consider the contribution D 2,0;2,0 . This has been computed in Ref. [7] for the repulsive regime; we repeat that calculation here and comment on the changes in the attractive regime. We start by considering
We can write explicitly the connected and disconnected pieces of the form factor in (91), and regularise using the κ parameter such that
We can now insert (92) into (91) to obtain three contributions which can be described as disconnected, semiconnected, and fully connected, respectively, 
The disconnected term can be easily computed with the result
which is identical to Z 2,0 C 0,0;0,0 , therefore the contributions from these two terms cancel. We now consider the semi-connected contribution
From the annihilation pole axiom, we know f β/2 ab (iπ + i0, 2κ) = −2i
where F β/2 ba (κ) is analytic for κ → 0. We can now expand C 1 2,0;2,0 for small κ, and discard any terms that go to zero as κ → 0,
This term is divergent, as it contains 1/κ contributions. These divergences will completely cancel with similar terms from the fully connected term. So far everything has been identical to the analog calculation in the repulsive regime. We now consider the fully connected term,
The form factor has annihilation poles at θ = ±θ − κ + i0 and θ = ∓θ + κ − i0 as well as bound-state poles at θ = −iπ(1 − ξ)/2, while the matrix K cd (θ) has poles at θ = ±iπ(1 − ξ). The important difference fact here is that the bound-state poles have a finite imaginary part, while the annihilation poles lie close to the real axis. Thus when shifting the contour of integration over θ to the lower half plane to, say, θ → θ − iπ(1 − ξ)/4 we will pick up contributions from the annihilation poles only. This results in the decomposition of the term C 2,0;2,0 into a contribution coming from the annihilation poles of the form factor denoted by C 
First, the finite contribution is given by the integral over the shifted contour,
where the shifted contour of integration γ − can be written as
for some fixed φ 0 in the interval 0 < φ 0 < π(1 − ξ)/2. This contribution is sub-leading at long times; we will thus not analyse it further. Second, the contribution originating from the annihilation poles of the form factor reads
which by evaluating the residue using Res[f (z),
Finally expanding this for small κ we find
We can now add together all the contributions to D 2,0;2,0 . It is easy to see that the divergent terms from C 
Multiplying by P (κ) and integrating over κ, we find the result for large t,
The contribution D 0,2;0,2 looks very similar to the contribution D 2,0;2,0 we have just discussed. We will see, however, that this term does not give a leading contribution to the expectation values at long times. This is due to the fact that, unlike solitons, the breathers are local particles with respect to the vertex operator. This implies that the two-breather form factor does not have an annihilation pole. Using the annihilation pole axiom, we see that the contribution from a four-breather form factor is therefore less divergent than the contribution from a four soliton/antisoliton form factor, and thus gives a sub-leading contribution to the expectation value at long times.
To make this line of argument more explicit we consider
We can write the four-breather form factor as
Using this, we can again separate C 0,2;0,2 into disconnected, semi-connected and fully connected pieces 
The disconnected contribution is
after multiplying by P (κ) and integrating over κ. This contribution exactly cancels out with Z 0,2 C 0,0;0,0 . We consider now the semi-connected contribution
The key difference we now encounter from the previous subsection is that the two-particle form factors f β/2 (iπ + i0, 2κ) are finite as κ → 0, since the right-hand side of the annihilation-pole axiom vanishes due to the locality of the operator with respect to the breather, l β/2 B = 1. Thus the only non-vanishing (as κ → 0) contribution to the semi-connected piece is
where we have used S BB (2φ)S BB (−2φ) = 1. The fully connected term can again be separated by shifting the integration contour to the lower half plane and picking up an annihilation pole. When shifting the contour one has to make sure not to pick up addititional contributions from the bound-state poles. Doing this, the contribution from the shifted contour,
is finite, and thus sub-leading at long times, so we will ignore it. The contribution from the annihilation pole for κ → 0 can be written using S BB (φ)S BB (φ + iπ) = 1 as
and thus completely cancels with the semi-connected contribution (112).
There is therefore no contribution linear in time to the expectation value (28) at long times from D 0,2;0,2 .
C.3.3 The term D 0,0+1;0,0+1
This term gives a contribution that does not depend in time, and cannot be ignored in the long-time limit. We find
where the form factor can be written using the κ-regularisation as
The first term is finite as κ → 0, because the two-breather form factor does not have an annihilation pole. The second term gives a contribution that exactly cancels with Z 0,0+1 C 0,0;0,0 . Thus we find in total
The only contributions to the expectation value (28) which are not sub-leading at long times are
as well as D 2,0;2,0+1 and D 0,2;0,2+1 . The computation of these two contributions is very similar to that of the terms D 2,0;2,0 and D 0,2;0,2 from last section.
C.4.1 The term D 2,0+1;2,0
We consider
The form factor can be expressed as
These terms give disconnected, semi-connected and fully connected contributions to C 2,0+1;2,0 , but now all the terms have a zero-momentum breather in the form factor. The disconnected term is
which cancels exactly with the term Z 2,0 C 0,0+1;0,0 . The semi-connected piece is
Using the annihilation-pole axiom, we can write the three-particle form factor in the previous expression as
where f β/2 B is the one-breather form factor (which is a constant, independent of the breather's rapidity, due to translation invariance), and F (κ) are finite terms that will not contribute when κ → 0. Using this expression, we find for small κ,
We now consider the fully connected term C 2 2,0+1;2,0 . Again we can deform the integration contour and separate this term into a finite part and a contribution from the region around the annihilation poles. The finite part is
This term is sub-leading at long times, so we will not compute it. The contribution from the annihilation poles is
where the residue is given by
We then find
Using the expression (124), crossing (16) and expanding for small κ, we find after straightforward simplifications
It is easy to see that the part of (130) that diverges as 1/κ cancels with the divergent part of the semi-connected term. Combining all the terms, the leading contribution at long times to D 2,0+1;2,0 is
Taking this together with the term D 2,0;2,0+1 obtained in a similar manner we finally get
where we have used S B (iπ + θ)
The computation of this term closely parallels that of the previous subsection. We start by considering
The form factor can be written as
which we use to split C 0,2+1;0,2 into disconnected, semi-connected, and fully connected pieces. The disconnected term is
which cancels exactly with the term Z 0,2 C 0,0+1;0,0 . The semi-connected term is
Using the annihilation-pole axiom, the three-breather form factor can be written as
We can then use this to find for κ → 0,
which still contains some divergent parts that need to cancel with the fully connected term. The fully connected term C 0,2+1;0,2 can again be divided into a finite part, and contributions coming from the annihilation poles. The finite part is given by
which gives sub-leading corrections at long times and will be ignored. The contribution from the poles is
and the residue is
such that
Using (138) and expanding for small κ, we find
Combining all the terms, the leading contribution at long times is
The rate τ BB is obtained using
Together with the complex conjugate term we can write
The leading contributions at long times at this order of K are The first of these terms has been computed in Ref. [7] , he we simply state the result
This result, together with D 2,0;2,0 , suggest that one may be able to resum all the terms D n,0;n,0 as an exponential,
These leading contributions of the terms D n,0;n,0 come from the most divergent parts of the form factors. One can use the annihilation-pole axiom to obtain a relation between the 2n-soliton form factor and the (2n−2)-soliton form factor, continuing this procedure until one reaches the 0-particle form factor, G β/2 , while picking up n annihilation poles. We now turn our attention to the term D 0,4;0,4 . We will not calculate this term explicitly, but simply point out that the contributions from this term are sub-leading at long times. The argument for this is the same as the argument we provided for the term D 0,2;0,2 . The long-time leading contributions come from the most divergent parts of the form factors. The two-breather form factor does not have an annihilation pole. This means that most divergent part of the term D 0,n;0,n has n − 1 poles, hence it contains one pole less than D n,0;n,0 , which implies that it is sub-leading at long times.
The same argument also applies to the term D 2,2;2,2 , which contains one pole less, and is therefore sub-leading at long times, in comparison to D 4,0;4,0 . We expect the terms D 0,4;0,4 and D 2,2;2,2 to yield a linear behaviour in t at late times, which is expected to give the O(K 4 ) contributions to the rates (37)- (39) .
We first consider
The form factor can be written introducing two regulators κ and κ B as
The first four terms (the ones proportional to δ(−κ B )) yield contributions that cancel exactly with the terms Z 2,0+1 , Z 0,0+1 C 2,0;2,0 and one of the terms Z 2,0 Z 0,0+1 C 0,0;0,0 . The fifth term gives a contribution that cancels exactly with Z 2,0 C 0,0+1;0,0+1 and the second Z 2,0 Z 0,0+1 C 0,0;0,0 term. The last three terms give contributions which we can denote as semi-connected and fully connected. The semi-connected piece is
Using the annihilation pole axiom, we can write (in the limit κ B → 0)
where F.P. denote finite terms in the κ → 0 limit and we have used the property S B (iπ + θ)S B (θ) = 1 as well as that the two-breather form factor does not contain an annihiliation pole. The computation from this point onwards is completely equivalent to the computation of C 2,0;2,0 but replacing G β/2 with
BB (iπ, 0). We will then just write the final result,
Performing a calculation similar to that of the previous subsection, but with all the particles being breathers, we find that the most divergent contributions from the annihilation poles of four-breather form factors have vanishing residue. Thus the term D 0,2+1;0,2+1 does not contribute to the late-time behaviour at leading order, analogous to the results of the last subsection. Instead we expect it to contribute to the O(K 4 ) contributions to the rates (37)-(39).
C.6 Order gK 4
The leading long-times contributions at this order of K are The leading long-time contribution for this term is given by the connected term C 4,0+1;4,0 . To simplify the calculation, we will only compute the leading terms, which diverge as t 2 for long times. We also use the simplifying assumption that the initial state is of "Dirichlet type", so K aa (θ) = 0. We then consider the term
We can write the form factor in (163) as
−2πδ
+ . . . ,
where the dots here and below represent contributions that do not lead to terms growing as t 2 . The term (164), when inserted back into (163), gives the fully connected contribution, which we will denote as C denote the semi-connected contributions coming from the terms (165)-(172) by C 3 4,0+1;4,0 , and those coming from the terms (173)-(178) by C 2 4,0+1,4,0 . We now extract the leading contributions from C 4 4,0+1,4,0 . The leading contributions at long times come from the the poles at θ 1 = θ 1 + κ 1 − i0 and θ 2 = θ 2 + κ 2 − i0, or θ 1 = θ 2 + κ 1 − i0 and θ 2 = θ 1 + κ 2 − i0, such that
×Res Res f β/2 aābbBccdd
Extracting only the ∝ t 2 terms, we find 
We now consider the semi-connected terms, (165)-(172). We label the corresponding contributions to C 4,0+1;4,0 coming from these terms consecutively as C 
The total contribution from these terms is then 
Adding these terms we find 
It was discussed in Ref. [7] , that if the boundary state satisfies the boundary Yang-Baxter equation, the terms C 
We can then write the main result
The leading contribution for this term at long times is again given by the connected term, C 0,4+1;0,4 . The computation of this leading contribution is very similar to the computation presented in the previous section, so we will simply present the necessary results, while omitting the details of the calculation. We consider the term
The form factor in (209) can be expanded in connected and disconnected pieces analogous to (164)-(178). We first consider the fully connected term, which includes nine-breather form factor, which we denote C 4 0,4+1;0,4 . The leading contribution at long times can be computed by extracting the residues at the poles φ 1 = φ 1 + κ 1 − i0 and φ 2 = φ 2 + κ 2 − i0, or φ 1 = φ 2 + κ 1 − i0 and φ 2 = φ 1 + κ 2 − i0. The result can be written as 
We now consider the semi-connected terms which involve seven-breather form factors, which we collectively call C 3 0,4+1;0,4 (which are analogous to the terms (165)-(172)). We find up to sub-leading corrections 
We then proceed to the semi-connected terms which are analogous to (173)-(178), which involve five-breather form factors, and we label collectively as C 
Combining all the ∝ t 2 terms, find The leading contribution at long times for this terms is given only by C 2,2+1;2,2 . This term is given by We can expand the form factor analogously to the expansion (164)-(178). The fully connected term, which we denote C 4 2,2+1;2,2 , involves a four-soliton, five-breather form factor. The leading contributions at long times come from taking the residues at the poles θ = θ + κ 1 − i0 and φ = φ + κ 2 − i0, such that 
We now consider semi-connected terms analogous to the contributions (165)-(172), which we denote as C 3 2,2+1;2,2 , and in this case involve either two-soliton, five-breather form factors, or four-soliton, three-breather form factors. From these therms we find 
Similarly to the previous sections, we now consider semi-connected terms which we denote as C 
The only leading contribution at this order (which is ∝ t 2 ) is The form factor in (221) can be expanded similarly to (164)-(178), with the difference that now there will be twice as many terms, since now one can have disconnected terms proportional to 0 B |0 B + κ B = 2π δ(−κ B ). These terms that are proportional to δ(−κ B ), will cancel with −Z 0,0+1 C 4,0;4,0 . The remaining terms are analogous to the terms in the expansion (164)-(178).
We can first consider the fully connected term, corresponding to a term analogous to (164), which involves an eight-soliton, two-breather form factor, and we will denote as C 4 4,0+1;4,0+1 . Again, the leading contribution at long times can be extracted from taking the double residues at the poles θ 1 = θ 1 + κ 1 − i0 and θ 2 = θ 2 + κ 2 − i0, or θ 1 = θ 2 + κ 1 − i0 and θ 2 = θ 1 + κ 2 − i0, such that 
Extracting the ∝ t 2 , we find 
We now examine the semi-connected terms which we denote collectively as C 
Similarly, we examine the terms C 
D Infinite-volume regularisation
We now review briefly the infinite-volume regularisation which was introduced first for studying finite-temperature correlation functions in Ref. [38] . This has been generalised for the study of quantum quenches in [11] and shown to give identical results to a finite-volume regularisation [39] . The terms of the linked-cluster expansion appear to be divergent due to the intertwining of particles with rapidities θ i and −θ i in the initial state. These divergences, however, are an artefact of working in infinite volume, and when the theory is properly regularised, these divergent terms cancel with each other. The regularisation procedure we follow consists firstly on shifting the rapidities of each pair of particles, {−θ i , θ i } in the ket states by a real parameter, κ i , which shifts the rapidities away from singularities. The resulting expressions are understood as generalised functions of the variables κ i . The divergencies are then explicitly exhibited by introducing a smooth function P (κ) (for each κ i ) which is strongly peaked around κ = 0 and satisfies
where L is a finite system size that is introduced as a regularisation. Possible choice of the regularisation function are P (κ) = L e 
